In many dynamical systems, countably infinitely many invariant tori co-exist. The occurrence of quasiperiodicity on any one of these tori is sometimes sufficient to establish strong global properties, like dense trajectories and periodic points. In this paper, we establish sufficient conditions for a countably infinite collection of parameterized circle diffeomorphisms to have quasiperiodic behavior on at least one of the circles, for a full Lebesgue measure set of the parameter values. As an application, we study parameterized families of skew-product maps on the torus and prove sufficient conditions for the existence of at least on quasiperiodic circle for Lebesgue-almost every parameter value.
Introduction and main results
In this paper, the unit circle S 1 will be identified as R/N, and proj : R → N is the associated quotient map. A homeomorphism of the circle f : S 1 → S 1 can be lifted to a mapf : R → R under the covering map proj. It is well known (see for example, [1] ) that the following limit exists and is a constant independent of z. ρ(f ) := lim n→∞f (z) − z n
This limit is called the rotation number of f . The rotation number is of fundamental importance in inferring the properties of the map and its limit points. If the rotation number is rational of the form p q , then all points on S 1 is in the basin of attraction of some q-periodic point. On the other hand, if ρ / ∈ Q, then f has the rotation θ → θ + ρ mod 1 as a factor map. In fact, a homeomorphism of the circle is conjugate to an irrational rotation iff it is transitive (see [2] ). Dynamics on a torus T d or on S 1 which are conjugate to an irrational rotation are called "quasiperiodic dynamics". They have interesting properties like transitivity, non-mixing, unique ergodicity, zero Lyapunov exponents etc. This paper establishes sufficient conditions under which a countably infinite family of invariant circles will have quasiperiodicity on at least one circle, for Lebesgue almost-every value of a parameter t.
The existence of a single invariant curve/manifold, on which the dynamics is transitive, can often lead to strong global properties. See for example blenders in [3, 4, 5] , or [6] discussed in more details later. The main theorem will be applied to obtain sufficient conditions for the existence of an invariant quasiperiodic curve in a skew-product map on the torus, for Lebesgue-a.e. value of a parameter.
An orientation preserving circle homeomorphism F is of the form given below.
where g : R → R is called the periodic part of the map F , and is periodic and of the same smoothness class as F . We are interested in parameterized families of C 3 circle diffeomorphisms, parameterized by a * Courant Institute of Mathematical Sciences, New York University 1 parameter t ∈ [0, 1], which can be written similar to Eq. 2 in the following manner.
where N ∈ N is called the t-winding number of f and is denoted as W(f ). The choice of the t-winding number is not unique, but we require that it must satisfy |∂ t g t | < 1. Partition of the parameter space. Given a parameterized family f t , define P(f t ) the set {t ∈ [0, 1] : f t has a periodic point}, and by Q(f t ) the set {t ∈ [0, 1] : f t is topologically conjugate to an irrational rotation}. By Denjoy's theorem [7] , a C 3 circle diffeomorphism with an irrational rotation number ρ is topologically conjugate to the rotation θ → θ + ρ mod 1. Therefore,
Arnold tongues and periodic windows. If for some parameter value t 0 , f t 0 has a stable periodic orbit with period n, then ρ(f t ) is constant and = k/n for t in some neighborhood of t 0 . These intervals over which ρ(f t ) is constant are called periodic windows. The dependence of the rotation number on the parameter t has been studied for over 50 years, see for example [1, 8] etc. Arnold, in the seminal paper [8] studied the family f t,δ : θ → θ + t + δ sin(2πθ) mod 1 and proved that µ(P(f t )) → 0 as δ → 0 and µ(P(f t )) → 1 as δ → 1/2π. In his example, each of the countably infinitely many periodic windows shrink in width to a point at δ = 0, as δ → 0, and monotonically thicken as δ is increased. The bifurcation diagrams of these windows with δ are called "Arnold tongues" because of their shape. The scaling laws of their width with parameter δ has been studied extensively in the general setting of f t ∈ F , in which sin(2πθ) is replaced by some general periodic function g t (θ). Brunovsky proved that there is a set of 1-parameter circle diffeomorphisms B which is residual in the family of C 3 -circle diffeomorphisms, such that for ∀f t ∈ B, the periodic windows contain an open, dense set in the parameter space [0, 1] . See Proposition 3 from [9] Universality of Arnold tongues. Many universal properties of Arnold tongues have been observed in general families of the form Eq. 3. Cvitanovic et. al. [10] ordered the tongues based on the "Fareysequence" ordering of the rationals and for all fixed values of t, found asymptotic scaling laws wrt their number in this ordering. Jonker [11] proved a q −3 scaling law, where q is the denominator of the rotation number. The differentiability properties of the boundaries of the Arnold tongues and their angle of contact at δ = 0 has been studied in [12, 13] . Our main theorem (Theorem 1.1) says that if a countably infinite family of parameterized circle diffeomorphisms satisfy certain conditions, then for Lebesgue-a.e. t ∈ [0, 1], the intersection of the Arnold tongues has measure zero, regardless of their scaling laws and thickness. In Corollary 1.2, we use this theorem to prove the existence of quasiperiodic circles in an open family of torus maps.
Define
3 norm of g t as a function of θ. Let F denote the following set of parameterized circle diffeomorphisms.
We will denote by µ the 1-dimensional Lebesgue measure. Theorem 1.1 (Main theorem) Let (f n,t ) n∈N be a sequence in F and written in the form Eq. 3. Suppose that the following two conditions are satisfied.
Remark. In other words, given a countably infinite family of parameterized circle diffeomorphisms satisfying (A1)-(A2), there is a full measure set of t ∈ I for which one of the following two holds. (i) ∃n ∈ N for which f n,t is conjugate to an irrational rotation.
(ii) t belongs to a common periodic window for all f n,t -s. Generically, this occurs only if there is a curve Γ transverse to all the vertical circles and invariant under F p for some p ∈ N. Remark. Condition (A2) is equivalent to saying that ∃r ∈ (0, 1) such that for ∀n ∈ N, ∀t ∈ [0, 1],
Skew product maps. Countable families of parameterized circle diffeomorphisms arise naturally in skew product maps. Let S denote the following family of skew-product maps on the torus.
where m > 1 is an integer, t ∈ [0, 1] is a parameter and g t :
Then vertical circles are mapped into vertical circles, i.e., for every x ∈ S 1 , F (S x ) = S F (x) . For each positive integer p, x 0 is fixed under the p-th iteration of the circle map x → mx (mod 1) iff
where k is an integer. Each vertical circle S x 0 with x 0 of the form (5) will be called a periodic circle of the map. These circles will also be denoted as S k,p . The torus map can be restricted to these circles to get a countable number of orientation preserving circle homeomorphisms.
Das et. al. [6] proved that if at least one of the F k,n -s is conjugate to an irrational rotation, then the map F has strong mixing, has dense repellors, saddles and dense unstable manifolds of its saddles. In this paper we will prove that this hypothesis is satisfied by a family of torus maps F t : T 2 → T 2 from Eq. 4, satisfying the following condition. for some R > 0.
(A3) R : There are infinitely many k, n ∈ N, 0 < k < m n for which F k,n |S k,n − Id C 3 y < R. (F k,n , S k,n is as in Eq. 6.) Corollary 1.2 (Quasiperiodicity on skew product maps) Let R ∈ (0, 1). Then there is a residual family of skew product maps of the form Eq. 4 satisfying |∂ t g t | < R such that if (A3) R holds, then for Lebesgue-a.e. t ∈ [0, 1], either one of the following two conclusions hold. (i) there is a circle S k,n on which the map F k,n from (6) is quasiperiodic; OR (ii) F t divides the rectangle into invariant cylinders (topologically S 1 × [0, 1] with at least one attracting boundary component.
Proof We will only consider the (k, n)-s which satisfy (A3) R . Let x 0 be of the form in Eq. 5 for some
, y). Thus the associated circle map is
Note that the F (k,n),t -s form a countable collection of parameterized circle diffeomorphisms of the form (3).
It will now be shown that assumptions (A1) and (A2) of Theorem 1.1 are satisfied by F (k,n),t . Note that W(F (k,n),t ) = n, which → ∞ as n → ∞. Therefore, (A1) is satisfied.
Note that
Therefore, A2) is satisfied and the conclusion of Theorem 1.1 holds. Suppose the parameter t lies in the interior of a common periodic window for all the circles S k,n . For a C 3 -residual family of maps, this implies that these circles have periodic saddles x k,n , which behave as attracting fixed points for the circle maps F k,n . Again, for a residual set of maps, this is only possible if these saddles lie on a countable collection of invariant curves, which are common unstable manifolds for these saddles. These curves must be closed and partition the torus into cylinders as claimed.
Remark. Kleptsyn and Nalskii [14] proved that under generic conditions, a.e. orbit of smooth maps in S converge. In particular, this implies that for a.e. fibre S x , the orbits of (x, y 1 ), (x, y 2 ) converge under the action of F for a.e. y 1 , y 2 ∈ S 1 . Corollary 1.2 therefore makes the non-trivial statement, that on a 0-measure set of fibres, namely, the periodic circles in Eq. 5, the map will act as a rotation for a.e. t ∈ [0, 1]. Homburg [15] constructed families of skew products on the torus which are robustly topologically mixing and at the same time exhibits this fibre-wise contraction property.
Notation.
The abbreviation WLOG means "without loss of generality".
Proof of Theorem 1.1.
We begin the proof by a simple consequence of the assumption that Int(P) = ∅. Lemma 2.1 If Int(P) = ∅, then for every interval J ⊂ [0, 1], there exists infinitely many n-s for which ρ(f n,t ) is not constant for t ∈ J.
Proof By the assumption that Int(P) = ∅, there is at least one n such that ρ(f n,t ) is not constant for t ∈ J. Note that for ∀n, P n = P(f n,t ) contains an open dense set. Suppose that there are only finitely many n-s n 1 , . . . , n k for which ρ(f n k ,t ) is not constant for t ∈ J. Therefore, for all other n-s, ρ(f n,t ) is constant for t ∈ J. In particular, for all but finitely many n-s, J ⊂ P n . Let
open dense set and J ′ ∩ J contains an open interval J ′′ . Note that by assumption, J ′′ ⊂ ∩ n∈N P n = P. This is a contradiction of the fact that Int(P) = ∅. Therefore, our assumption of finiteness of n-s was wrong.
The heart of the proof of Theorem 1.1 is the following Proposition, which will be proved in Section 3.
Proposition 2.2 For ∀R ∈ [0, 1), ∃η ∈ (0, 1) such that if a parameterized family f t ∈ F satisfies |f t | F ≤ R, then µ(P(f t )) < η.
Proposition 2.2 will be used to establish a universal bound described below.
Lemma 2.3
There exists η ∈ (0, 1) such that for any subinterval J ⊂ I, ∃n ∈ N such that µ(P(f n,t )∩J) < ηµ(J).
Proof Let J = (a, b) ⊂ [0, 1] be fixed for the rest of the proof. By Lemma 2.1, there are arbitrarily large n ∈ N for which ρ(f n,t ) is not constant for t ∈ J. Let f n,t (θ) = θ + nt + g n,t (θ). By assumption (A1), it can be assumed WLOG that n = W(f n,t ) is large enough so that it satisfies |n(b − a) − k| < 0.5 for some k ∈ N. Letf be the parameterized family f n,t with t-renormalized over [a, b] , as shown below.
Note that |∂ θf − 1| = |∂ θ f n,t − 1| which is < R by (A2) and W(f ) = k and
Since k can be chosen to be large enough, the RHS of the above equation can be made < R. Therefore, µ(P(f )) < η by Proposition 2.2, where the constant η depends only on R. Therefore, µ(P(f n,t ) ∩ J) = µ(J)µ(P(f )) < ηµ(J).
For ∀n ∈ N, let P n := P(f n,t ). One more lemma is needed to complete the proof of Theorem 1.1.
Proof Note that there is a finite, disjoint collection of intervals I 1 , . . . , I k which form connected components of
Proof of the theorem. Let ǫ > 0 be arbitrarily chosen. Then the theorem will be proved if it can be shown that µ(P) < 2ǫ. We will now inductively define a sequence of sets J k ⊂ I, each of which is an approximation of P and is a finite union of open intervals. Let J −1 = J 0 = [0, 1], M 0 be the set {1}, and assume as an inductive step that a finite collection of open intervals J k−1 ⊂ I, and a finite M k−1 ⊂ N has been defined for some k ∈ N which satisfy J k−1 ⊂ ∩ i∈M k−1
Lemma 2.4 and choose J k to be the set V , with ǫ ′ = 2 −k ǫ. Therefore, the following are satisfied.
Let N ∈ N be large enough so that η N < ǫ. Note that for ∀k ∈ [N], µ(P ∩ J k−1 ) < µ(E k−1 ) + µ(P ∩ J k ). Adding these inequalities over all k ∈ [N] gives,
Now note that by inductive construction, for ∀N
< ǫ and µ(P) < 2ǫ. Thus Theorem 1.1 is proved.
Proof of Proposition 2.2
To prove Proposition 2.2, we will use the following two lemmas on the space of parameterized circle diffeomorphisms with t-winding number 1, namely,
The first one is a result by Herman which is an improvement of Arnold's [Theorem 2, [8] ]. Let for ∀C > 0,
Lemma 3.1 (KAM theorem, [1] ) Let f t be as in Eq. 7 and C > 0.
i.e., the map θ → θ + λ g (t) + g(θ) mod 1 is conjugate via h g,t to a rotation by t,
The next lemma is a generalization of a lemma by Herman [3.8.2 [16] ] and its proof is almost a replication of the proof given in [7.1. [16] ]. The proof has been provided here for the sake of completeness and since no equivalent lemma has been found by the author in the mathematical literature.
Lemma 3.2 (Generalization of Herman's continuity theorem) Let f t be as in Eq. 7. Then for
Proof Let ǫ > 0 be fixed for the rest of the proof. We are interested in the family of maps f t : θ → θ + λ gt (t) + g t (θ). Let C > 0 be chosen so that µ(D(C)) > 1 − ǫ. Let K 0 = K 0 (C) and L = L(C) be as in Lemma 3.1 and let K < K(C) be chosen so that KL < ǫ. Then by Lemma 3.1, if g C 3 < K and t ∈ D(C), then (i) the map f t : θ → θ + λ gt (t) + g t (θ) is conjugate via a diffeomorphism h gt,t to a rotation by t.
(
′ (C) = ∅, so the lemma will be proved if it can be shown that
It is proved in 7.1. [16] , that ∀t ∈ ∩D(C), λ gt (D(C)) is a compact set with Lebesgue measure µ(λ gt (D(C))) > 1 − ǫ. Note that h gt changes continuously with g t (for proof, see for instance, Lemma 4, [17] ). Therefore λ gt changes continuously with g t and therefore with t. Note that η is a non-decreasing function of r. Moreover, η(0) = 0, η(1) = 1. Define the universal constant r * as r * := inf{r ∈ [0, 1] : η(r) = 1}. Lemma 3.2 proves that r * > 0. Proposition 6.2. of [16] establishes a bound µ(P(f t )) < 1 − δ, where δ depends only on |∂ t g t | , which is < f t F . So r * = 1. Thus we have proved the existence of the constant η ∈ (0, 1) claimed in Proposition 2.2, for the case when W(f t ) = 1. We will extend to the general case below.
Given R ∈ (0, 1), let η = η(R). Therefore, η ∈ (0, 1). Let f ∈ F be of the form f t : θ → θ + nt + g(θ, t) mod 1, where |∂ t g| < R and |∂ θ g)| < R. Let t be renormalized over the interval [0, N]. We will define n parameterized families F k of circle diffeomorphisms, for each k ∈ [n].
F k,t (θ) = θ + t + G k (θ, t) mod 1, where G k (θ, t) = g(θ, t + k n ).
Note that |∂ t G k | < R and |∂ θ G k )| < R/N < R. Therefore, for ∀k ∈ [n], µP(F k ) < η. Therefore,
This completes the proof of Proposition 2.2 and therefore of Theorem 1.1.
